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&RGH680$
)RUQXPHULFDOVLPXODWLRQUHODWLYLVWLF3,&FRGHVROYLQJFRPSOHWHV\VWHPRI0D[ZHOOHTXDWLRQLVXVHG7KHFRGH
LV D  GLPHQVLRQDO WLPH GHSHQGHQW PRGHO WKDW PDNHV LW SRVVLEOH WR GHVFULEH VHOIFRQVLVWHQWO\ WKH G\QDPLFV RI
FKDUJHG SDUWLFOHV LQ UHFWDQJXODU F\OLQGULFDO DQG SRODU V\VWHPV RI FRRUGLQDWHV 7KH V\VWHP RI HTXDWLRQV XVHG LQ
PDWKHPDWLFDOPRGHOFRQVLVWVRIWKH0D[ZHOOHTXDWLRQVWKHHTXDWLRQRIWKHPHGLXPDQGWKHHTXDWLRQRIPRWLRQ7KH
FKDUJHDQGFXUUHQWGHQVLWLHVDSSHDULQJLQWKH0D[ZHOOHTXDWLRQVDUHFDOFXODWHGILUVWDWHDFKVWHSRIWKHVROXWLRQDW
WLPHt7KHFKDUJHVDQGFXUUHQWDUHGLVWULEXWHGDPRQJWKHQRGHVRIWKHVSDWLDOPHVKDQGVPRRWKHGE\ZHLJKLQJWKH
DUHDV RI D SDUWLFOH FORXG DQG DPHVK 7KH DUULYDO RI QHZ SDUWLFOHV DW D VLPXODWLRQ VWHS ǻt WR WKH UHJLRQ XQGHU
LQYHVWLJDWLRQLVVLPXODWHGE\WKHPHFKDQLVPRILQMHFWLRQHPLVVLRQRUVHFRQGDU\HPLVVLRQZLWKFRUUHVSRQGLQJODZV
RI GLVWULEXWLRQ 7KHQ WKH 0D[ZHOO HTXDWLRQV DUH VROYHG QXPHULFDOO\ DQG WKH UHVXOWDQW VROXWLRQ LV FRUUHFWHG IRU
PDWFKLQJWRWKH3RLVVRQHTXDWLRQ
7KH3RLVVRQHTXDWLRQLVVROYHGXVLQJWKHDOJRULWKPRIIDVW)RXULHUWUDQVIRUPDWLRQLQRQHFRRUGLQDWHDQGPDUFKLQJ
7KRPDVDOJRULWKP LQ WKHRWKHU FRRUGLQDWH)RUGRPDLQVZLWKDFRPSOH[JHRPHWU\DVZHOO DV LQ WKHSUHVHQFHRI
HOHFWURGHVLQWKHGRPDLQWKHFDSDFLW\PDWUL[PHWKRGLVXVHGZKLFKUHODWHVWKHSRWHQWLDODQGFKDUJHDWWKHUHTXLUHG
QRGHV 6LQFH WKH VROXWLRQV RI WKH 0D[ZHOO HTXDWLRQV JLYH WKH ILHOG DW WKH QRGHV RI ' PHVK WKH ILHOG DW WKH
LQWHUPHGLDWHSRLQWVDWZKLFKSDUWLFOHVDUH ORFDWHGPXVWEHFDOFXODWHGIRUQXPHULFDO LQWHJUDWLRQRI WKHHTXDWLRQVRI
PRWLRQ )RU WKLV SXUSRVH LQWHUSRODWLRQ DQG VPRRWKLQJ RI PHVK IXQFWLRQV LV XVHG ,QWHJUDWLQJ WKH HTXDWLRQV RI
PRWLRQ ZH GHWHUPLQH WKH GLVWULEXWLRQ RI SDUWLFOHV LQ WKH SKDVH VSDFH DW WKH QH[W LQVWDQW t  ǻt DQG VR RQ )RU
LQWHJUDWLRQ WKH UHODWLYLVWLF YHUVLRQ RI WKH PHWKRG LV HPSOR\HG ZLWK RYHUVWHS XVLQJ D WLPH VKLIW RI WKH VSDWLDO
FRRUGLQDWHDQGPRPHQWXP
&RPSXWHUVLPXODWLRQ
$W\SLFDOJDVILOOHGSXOVHQHXWURQWXEHKDVEHHQVWXGLHGDVDVDPSOHVHH)LJ$FFHOHUDWHGHOHFWURGHDQGWDUJHW
DUHXQGHUQHJDWLYHSRWHQWLDOVN9DQGN9DFFRUGLQJO\IRFXVLQJHOHFWURGHLVJURXQGHG3UHOLPLQDU\LRQVRXUFH
GHXWHURQ EHDP SDUDPHWHUV KDV EHHQ REWDLQHG H[SHULPHQWDOO\ )RU WKLV SXUSRVH DORQH /DQJPXLU SUREHV


)LJ'HXWHURQVGLVWULEXWLRQORZHUDQGWKHLUVHOIILHOGSRWHQWLDOXSSHULQQHXWURQWXEH
PXOWLHOHFWURGH HQHUJ\ DQDO\]HU DQG )DUDGD\ FXS ZHUH XVHG :H REWDLQ IROORZLQJ GHXWHURQ EHDPSDUDPHWHUs
ORQJLWXGLQDOHQHUJ\NH9FXUUHQWȝ$IRULQLWLDOJDVSUHVVXUHā7RUU0RUHRYHUVRPHEHDPGHQVLW\
GLVWULEXWLRQPHDVXUHPHQWZHUHIXOILOOHG1HYHUWKHOHVV LWZDVQRWHQRXJKGDWDIRUFRPSXWHUVLPXODWLRQ7KHUHIRUH
WKH DWWHPSW WR VROYH LQYHUVH SUREOHPZDVPDGH $V WKH UHVXOW WR EH REWDLQHG WKH H[SHULPHQWDO GHXWHURQ FXUUHQW
GHQVLW\GLVWULEXWLRQRQWDUJHWVKRZQRQ)LJa ZDVXVHG

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
)LJ&XUUHQWGHQVLW\H[SHULPHQWDOaDQGFKDUJHGLVWULEXWLRQVVLPXODWLRQbRQWKHWDUJHW
([SHULPHQWDO GDWDZHUH UHEXLOG IURP WDUJHW GHSWK HURVLRQ DQG WDUJHW VSXWWHULQJ FDOFXODWLRQ&RPSXWHU VLPXODWLRQ
VKRZV WKDW IRU WKH IROORZLQJ LQSXWEHDPGDWD H[SHULPHQWDO DQG FDOFXODWHGGLVWULEXWLRQV DUH FORVHG WR HDFKRWKHU
ORQJLWXGLQDOHQHUJ\NH9DQGWUDQVYHUVHHQHUJ\GLVWULEXWLRQH9FXUUHQWȝ$VHH)LJb(PLWWDQ
PHDVXUHPHQWFDUULHGRXWDELWODWHU>@LVVKRZQRQ)LJEHDPSDUWLFOHVKDYHDQJOHGLYHUJHQFHLQWKHUDQJH
 ·   UDG WKDW FRUUHVSRQGV WR WUDQVYHUVH HQHUJ\ GLVWULEXWLRQ a H9 WKDW LV LQ D JRRG DJUHHPHQWZLWK
FRPSXWHUVLPXODWLRQUHVXOWV


)LJ%HDPHPLWWDQFHGLDJUDP
2QFHPRUHSRVVLELOLW\ WRFRPSDUHFRPSXWHUVLPXODWLRQUHVXOWVZLWKH[SHULPHQWDOGDWD LVXVLQJRI OXPLQRXVLRQ
EHDPWHFKQLTXH>@ZKLFKEDVHGRQYLVXDOL]DWLRQRIH[FLWHGLRQEHDPWUDMHFWRULHV)LJVKRZVLRQEHDPSKRWRLQ
DFFHOHUDWLQJJDS ac DQG FDOFXODWHG VSDFH FKDUJHGLVWULEXWLRQ bd IRU tKH VDPHEHDPFXUUHQW DQG DFFHOHUDWLQJ
YROWDJH YDOXHV %ULJKW SDUW RI WKLV SKRWRV a c LV GHXWHURQ WUDMHFWRULHV EHWZHHQ IRFXVLQJ OHIW DQG DFFHOHUDWLQJ
ULJKW HOHFWURGHV)LJa,b FRUUHVSRQG WR WKH DFFHOHUDWLQJ HOHFWURGHSRWHQWLDO N9)LJc,d ±N9&KDQJLQJ
DFFHOHUDWLQJ YROWDJH DQG EHDP SDUDPHWHUV ZH FRPSDUH WKH UHVXOWV ZKLFK DUH LQ D JRRG DJUHHPHQW &RPSXWHU
VLPXODWLRQUHVXOWVFRPSDULVRQZLWKH[SHULPHQWDOGDWDOHWXVREWDLQLRQVRXUFHRXWSXWEHDPSDUDPHWHUVZLWKDFFXUDF\
HQRXJKIRUWKHIXUWKHULRQRSWLFV\VWHPVLPXODWLRQ
0DLQSXUSRVHRIWKLVPRGHOLQJZDVWRFKRRVHSRWHQWLDOGLVWULEXWLRQDQGHOHFWURGHVJHRPHWU\IRUXQLIRUPGHXWHURQ
EHDPGLVWULEXWLRQ RQ WKH WDUJHW 7KLV OHDGV WR WDUJHW VHUYLFH OLIH ULVH DQG DV D UHVXOW QHXWURQ WXEH GXUDELOLW\ KDV
LQFUHDVHGHWKHU

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
)LJ %HDPSKRWR a c DQG FDOFXODWHG VSDFH FKDUJH GLVWULEXWLRQ bd LQ DFFHOHUDWLQJ JDS 3LFWXUHV a) DQG b) FRUUHVSRQG WR DFFHOHUDWLQJ
HOHFWURGHSRWHQWLDON9c DQGd ±N9
)LJVKRZVWDUJHWFKDUJHGHQVLW\GLVWULEXWLRQFKDQJLQJGXULQJWDUJHWPRYHVWRULJKWERUGHU3RWHQWLDOVRQ
WKHDFFHOHUDWLQJHOHFWURGHDQGWDUJHWDUHN9DQGN9UHVSHFWLYHO\,QSXWGHXWHURQEHDPSDUDPHWHUVDUHWKH
IROORZLQJORQJLWXGLQDOHQHUJ\NH9WUDQVYHUVHHQHUJ\GLVWULEXWLRQH9FXUUHQWȝ$


)LJ7DUJHWFKDUJHGHQVLW\GLVWULEXWLRQ$FFHOHUDWLQJHOHFWURGHSRWHQWLDON9a) WDUJHWULJKWVKLIWPPb) WDUJHWULJKWVKLIWPP
&RPSDULQJ)LJ b DQG)LJ ZHPDNH FRQFOXVLRQ WKDW WKLV LV DZD\ WR LPSURYHXQLIRUPLW\ RI WDUJHW FKDUJH
GHQVLW\GLVWULEXWLRQ2QHRIWKHZD\WRLQFUHDVHRXWSXWQHXWURQIORZLVDFFHOHUDWLQJYROWDJHULVH%XWLQWKLVFDVHWR
REWDLQ XQLIRUP WDUJHW FKDUJH GLVWULEXWLRQ ZH QHHG RXWSXW LRQ VRXUFH HQHUJ\ HTXDO WR  NH9 DQG DFFHOHUDWLQJ
HOHFWURGHSRWHQWLDON9)LJ8VLQJWKLVDFFHOHUDWLQJYROWDJHZHPD\WZLFHLQFUHDVHRXWSXWQHXWURQIORZDQG
KDYHDFFHSWDEOHWDUJHWFKDUJHGHQVLW\GLVWULEXWLRQ


)LJ7DUJHWFKDUJHGHQVLW\GLVWULEXWLRQ$FFHOHUDWLQJHOHFWURGHSRWHQWLDON9a) ZLWKRXWWDUJHWULJKWVKLIWb)WDUJHWULJKWVKLIWPP
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5HVLGXDOJDVLQIOXHQFH
3DVVLQJWKURXJKWKHJDVGHXWHURQEHDPSURGXFHSODVPDZKLFKFRQVLVWRIHOHFWURQDQGVORZLRQ7KHLUGHQVLWLHV
XQGHUFRQVLGHUHGJDVSUHVVXUHUDQJHDSSUR[LPDWHO\HTXDOHDFKRWKHUVHH)LJ>@


)LJ5DWLRRIHOHFWURQne RULRQni GHQVLWLHVZLWKUHVSHFWWRGHXWHURQEHDPnb GHQVLW\DVDIXQFWLRQRISUHVVXUH
'HXWHURQDQGLRQL]HGSDUWLFOHVRZQVSDFHFKDUJHIRUFHVIRUWKLVFXUUHQWYDOXHDUHFRQVLGHUDEO\OHVVWKDQWKDWRI
WKH H[WHUQDO RQH7KHYDOXH RI GHFHOHUDWLQJ GHXWHURQ VSDFH FKDUJH VHOIILHOG LV DERXW  N9P WKDW WKUHH RUGHU RI
PDJQLWXGHOHVVWKDQH[WHUQDODFFHOHUDWLQJILHOG7KHUHIRUHWKH\FDQQRWHIIHFWRQGHXWHURQEHDPSURSDJDWLRQ)LJ
VKRZVWKDWHOHFWULFILHOGLVDFFHOHUDWLQJIRUWKHGHXWHURQHOVHZKHUHLQWKHWXEH


)LJ'HXWHURQVGLVWULEXWLRQORZHUDQGWRWDOILHOGH[WHUQDODQGVHOIILHOGSRWHQWLDOXSSHULQQHXWURQWXEH
7KHHOHFWURQVNQRFNHGRQIURPWKHWDUJHWE\DFFHOHUDWHGGHXWHURQVFDQQRWSDVVWKURXJKWKHDFFHOHUDWLQJHOHFWURGH
WDUJHWSRWHQWLDOZDOODQGFDQQRWHIIHFWRQGHXWHURQEHDPSURSDJDWLRQHLWKHU
&XUUHQWJDLQOHDGVWRGHXWHURQDQGLRQL]HGSDUWLFOHVVHOIVSDFHFKDUJHIRUFHVLQFUHDVHVDQGEHFRPHWKHVDPHRUGHU
RIPDJQLWXGHDVH[WHUQDORQH,IZHDUHQRWWDNLQJLQWRDFFRXQWLRQL]DWLRQSURFHVVHVGHXWHURQEHDPSURSDJDWLRQIRU
FXUUHQWP$VKRZQRQ)LJa


)LJ'HXWHURQVGLVWULEXWLRQZLWKRXWDDQGZLWKLRQL]DWLRQE
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,QMHFWHGIURPLRQVRXUFHGHXWHURQVFDQQRWRYHUFRPHRZQVSDFHFKDUJHSRWHQWLDOZDOODQGIRUPDYLUWXDOFDWKRGH
SRVLWLYH SRWHQWLDO YDOXH VHH)LJ  6LJQLILFDQW SDUW RI WKHP OHDYH WKH UHJLRQ LQ UDGLDO GLUHFWLRQ DQG JHW RII WR
IRFXVLQJ HOHFWURGH 7DUJHW FXUUHQW EHFRPH IRXU WLPH OHVV WKDQ LQMHFWLRQ RQH ,I ZH WDNH LQWR DFFRXQW LRQL]DWLRQ
SURFHVVHVGHXWHURQEHDPSURSDJDWLRQFKDQJHVFRQVLGHUDEO\VHH)LJb


)LJ9LUWXDOFDWKRGHIRUPLQJ
(OHFWURQVSURGXFHGE\LRQL]DWLRQDUHWUDSSHGZLWKLQWKHGHXWHURQEHDPVSDFHFKDUJHSRWHQWLDOZDOODQGFDQQRW
OHDYH WKH LQWHUDFWLRQ UHJLRQ VHH )LJa DV WKH\ GLG IRU FXUUHQW ȝ$ VHH )LJb (OHFWURQ DFFXPXODWLRQ
UHVXOWLQGHFUHDVLQJRIWKHSRWHQWLDOZDOOHIIHFWLYHGHSWKDQGGHXWHURQWDUJHWFXUUHQWULVLQJ


)LJ(OHFWURQVGLVWULEXWLRQVIRUFXUUHQWP$aDQGȝ$b
)LJ VKRZV ORQJLWXGLQDO HOHFWULF ILHOG WLPH GHSHQGHQFH RQ WKH WXEH D[LV QHDU WKH OHIW ERUGHU IRU FDVHV
ZLWKRXWaDQGZLWKbLRQL]DWLRQWDNLQJLQWRDFFRXQW


)LJ/RQJLWXGLQDOHOHFWULFILHOGWLPHGHSHQGHQFHZLWKRXWaDQGZLWKbLRQL]DWLRQWDNLQJLQWRDFFRXQW
7KH YDOXH RI GHXWHURQ FXUUHQW LQFUHDVHV DOPRVW WKUHH WLPHV WKDW UHVXOW LQ LGHQWLFDO QHXWURQ IORZĭ LQFUHDVHG
DSSUR[LPDWHO\WKHVDPHYDOXH>@

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ZKHUH s ±WDUJHWVWRLFKLRPHWU\FRHIILFLHQW n ±WDUJHWQXFOHLFRQFHQWUDWLRQ e ±HOHPHQWDU\HOHFWULFFKDUJH iq GHXWHURQ
FKDUJHZLWKHQHUJ\ iW  ı W QXFOHLUHDFWLRQFURVVVHFWLRQRQWKHWDUJHW  F W ±GHXWHURQEUHPVVWUDKOXQJORVVLQ
WKH WDUJHWW  SXOVH GXUDWLRQ0RUHRYHU RZQ ORQJLWXGLQDO HOHFWULF ILHOG ULVH QHDU WKH WDUJHW OHDGV WR UHGXFWLRQ RI
DFFHOHUDWLQJ HOHFWURGH± WDUJHW SRWHQWLDOZDOO DQG DV D UHVXOW DGGLWLRQDO NQRFNHGRQ HOHFWURQVPD\ DSSHDU LQ WKH
UHJLRQ ,QIOXHQFH RI ORZ HQHUJ\ LRQ SURGXFHG E\ LRQL]DWLRQ LV QRW VR VLJQLILFDQW 6ORZ LRQ UDWKHU TXLFNO\ REWDLQ
UDGLDOYHORFLW\DQGPRYHWRWKHWXEHSHULSKHU\
5.&RQFOXVLRQ
&RPSDULVRQ RI FRPSXWHU VLPXODWLRQ UHVXOWV ZLWK H[SHULPHQWDO RQH VKRZ VXIILFLHQW DJUHHPHQW IRU IXUWKHU
PRGHOLQJ6SDFHFKDUJHQHXWUDOL]DWLRQRIGHXWHURQEHDPVE\HOHFWURQVSURGXFHGE\ LRQL]DWLRQPD\FRQVLGHUDEO\
LQFUHDVHWDUJHWFXUUHQWDQGDVDUHVXOWRXWSXWQHXWURQIORZ
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